We investigated the electronic and magnetic structure of Sr 3−x Ca x Ru 2 O 7 (0 ≤ x ≤ 3) on the basis of the double-layered three-dimensional multiband Hubbard model with spin-orbit interaction. In our model, lattice distortion is implemented as the modulation of transfer integrals or a crystal field. The most stable states are estimated within the unrestricted Hartree-Fock approximation, in which the colinear spin configurations with five different spin-quantization axes are adopted as candidates. The obtained spin structures for some particular lattice distortions are consistent with the neutron diffraction results for Ca 3 Ru 2 O 7 .
Introduction
The series of double-layered ruthenates, Sr 3−x Ca x Ru 2 O 7 (0 ≤ x ≤ 3), possesses a variety of phases under a magnetic field (H) or pressure (P ). One end-member of the series, Sr 3 Ru 2 O 7 , shows the magnetic field-tuned quantum criticality, which is accompanied by the metamagnetic transition around H ∼ 7.85T. 1) The metamagnetic transition, which was initially observed by Cao et al., 2) was revealed to be a double transition, and its second transition in the higher-field is sensitive to the field angle. 3) Without an applied magnetic field, Sr 3 Ru 2 O 7 behaves as a Fermi liquid at low temperature. 4) Angle-resolved photo-emission spectroscopy (ARPES) has been used to observe its well-defined Fermi surfaces, 5) and neutron diffraction methods revealed a lack of that long-range magnetic order. 6) Meanwhile, inelastic neutron scattering has been used to observe two-dimensional ferromagnetic fluctuations as incommensurate peaks attributed to Fermi surface nesting. 7) These fluctuations induce ferromagnetism when uniaxial pressures along the c-axis are applied. 8, 9) Since neutron diffraction analysis displays the temperature and pressure effects on the crystal structure, 10) the phase transition induced by uniaxial pressures suggests that the ferromagnetic fluctuations are susceptible to structural changes. This situation is similar to the ferromagnetic ground state at the surface Furthermore, the magnetostriction data for the single crystals demonstrated that the firstorder transition at T M can be attributed to a discontinuous change in the lattice constants. 18) The quantum oscillations observed in Ca 3 Ru 2 O 7 have also shown that its ground state is metallic with low-carrier density. 19) The magnetic structure of Ca 3 Ru 2 O 7 in the ground state was clarified using neutron diffraction analysis: the magnetic moments align ferromagnetically within the double layer and antiferromagnetically between the double layers. 20) While these magnetic moments lie along the b-axis for T < T M , the first-order transition at T M changes their directions to align with the a-axis for T > T M . 21, 22) Moreover, the two transitions at T N and T M are respectively weakened by the pressures along the c-axis and those within the abplane. 23) These results indicate that the magnetic properties of Ca 3 Ru 2 O 7 are also susceptible to structural changes.
The concentration range 0 < x < 3 of the Sr 3−x Ca x Ru 2 O 7 series has been investigated in addition to the end members. [24] [25] [26] [27] [28] [29] [30] For the intermediate x of this range, the system exhibits a variety of spin structures: a cluster spin-glass phase for 0.24 x 1.2, [27] [28] [29] and a canted antiferromagnetic phase for 1.2 x 2.0. 25) By comparing the Weiss temperatures for H ab with those for H c, Iwata et al. 28) elucidate that the magnetic easy axis changes continuously from the ab-plane to the c-axis with decreasing x. Peng et al. 30) confirm that the magnetic easy axis is the b-axis for x = 2.4 and x = 3.0. This result for x = 3.0 is consistent with the result of a neutron diffraction analysis for Ca 3 Ru 2 O 7 . 20) Moreover, it has been reported that lattice constants vary with x in Sr 3−x Ca x Ru 2 O 7 . 28, 30) Sr 3−x Ca x Ru 2 O 7 (0 ≤ x ≤ 3) has also attracted a great deal of theoretical interest. The band structures of its end-members, Sr 3 Ru 2 O 7 and Ca 3 Ru 2 O 7 , have been investigated with a local density approximation 31) or with the local spin density approximation (LSDA). 32, 33) In particular, the magnetic field-tuned metamagnetic transition of Sr 3 Ru 2 O 7 has been intensively studied as one of the electronic nematic phase transitions on the basis of microscopic theories. [34] [35] [36] [37] [38] [39] [40] The field-induced orbital-ordered phase of Ca 3 Ru 2 O 7 was also investigated on the basis of the spin/orbital model. 41) However, few theoretical studies have investigated
, while a number of theoretical analyses have been performed 2/16 for the series of single-layered ruthenates, [42] [43] [44] [45] [46] [47] [48] [49] Ca 2−x Sr x RuO 4 (0 ≤ x ≤ 2), which exhibit the Mott transition at x ≃ 0.2. 50) The two-dimensional multiband Hubbard model has been utilized by these theoretical analyses of the series of single-layered ruthenates. Meanwhile, in order to understand the series of double-layered ruthenates, we need to consider its threedimensionality. The intrinsic importance of the three-dimensionality can be easily found in the experimental results introduced above (e.g., the magnetic structure of Ca 3 Ru 2 O 7 ). In this paper, we investigate the electronic and magnetic structures of the double-layered ruthen- 
Formulation
Our 3D hubbard model with lattice distortion (Fig. 1) consists of A and B sub lattices.
We consider every three t 2g orbitals of the Ru 4d electrons located in these sublattices on the i-th layer (i = 1, 2, 3, 4). Thus, our 3D Hubbard model Hamiltonian,Ĥ, is composed as follows:
Here we use the abbreviationsÂ † 
and
where we use the abbreviations
In eqs. (7)- (9) t ⊥ and t ′ ⊥ represent inter-layer transfers, and in eqs. (10)- (14), t 1 , t 2 , t 3 , t 4 , and λ 0 represent intra-layer transfers. ∆ in eq. (13) σσ ′ , respectively. These are defined as follows:
Similarly, when we consider the state with the spin-quantization axis parallel to the a ′ -axis, we havel
and when we consider the state with the spin-quantization axis parallel to the b ′ -axis, we havê
Furthermore, when we consider the state with the spin-quantization axis parallel to the a-axis, we havel
andl B(a)
using eqs. (17)- (20) . Here we ignore their θ-dependencies. Similarly, when we consider the state with the spin-quantization axis parallel to the b-axis, we havê
andl
The interacting partĤ ′ in eq. (1) is represented bŷ
where N is the number of k-space points in the first Brillouin zone (FBZ). Here we only consider the on-site interactions, i.e. Coulomb repulsion in the same orbital U , Coulomb repulsion in different orbitals V , and the exchange interaction J. We adopt the UHF approximation with respect to every two sublattices, four layers, three orbitals and two spin states. Thus, we
Then, we can approximateĤ ′ as follows:
In order to determine the most stable of the five candidates, we conduct a self-consistent calculation for each candidate and find the one with the lowest electronic energy as estimated by eqs. (1) and (28) . Hence, we can translate the most stable spin-quantization axis as the magnetic easy axis. Moreover, for the electronic state that we determine has the most stable spin-quantization axis, we can calculate the five types of the magnetic order parameters.
Four of these types are antiferromagnetic order parameters, referred to as A 1 -AFM, A 2 -AFM, C 1 -AFM, and C 2 -AFM and expressed as Table I . The parameter sets for the calculations. The parameter uint is eV.
respectively. The fifth type is the ferromagnetic order parameter, expressed as
Here, we introduce the magnetic momentum on each site:
Then we determne the magnetic order with the largest magnitude of these five order parameters for each parameter set.
Results and Discussion
In our numerical calculations, we divide FBZ into a 20 × 20 × 20 equally spaced meshes.
The parameter sets in eqs. (7)- (20) and (25) for these calculations are selected as shown in Table I . The choice of these parameters is based on preceding theoretical works. 39) The ratios V /U and J/U in each set are fixed at 0.5 and 0.25, respectively. For each set in Table I , both the rotation angle φ and the tilting angle θ are varied from 0 • to 20 • by 5 • . All resulting self-consistent fields n A iϕσ and n B iϕσ have four digits of accuracy, and they satisfy
which means that there are four electrons per Ru site.
We summarize our numerical results, as indicated by the last column of Table I, defined as X when several order parameters simultaneously reach the maximum value of the five. We can easily recognize that the various magnetic phases appear and that their phase transition is caused by the fractional change of the lattice distortion. The magnetic easy axis can vary even in the same magnetic phase. The variations in the magnetic phase and easy axis are caused by the transfers and SOI, which both depend on the lattice distortion. While the SOI dependence on the lattice distortion plays the primary role in the determination of the magnetic easy axis, the transfers dependence is more responsible for determining the magnetic phase.
The energy level difference between d xy and d yz (d zx ), i.e. ∆, also affects the electronic states since it relatively lowers the bands from the d xy orbital as well as enhances the full bandwidth W . When we compare Fig. 2 with Fig. 3 , or Fig. 4 with Fig. 5 , we find that a positive ∆ makes the PM phase stable for a wider range of lattice distortion parameters. This can be derived from the decrease in U/W in conjunction with the change in ∆. In Ca 3 Ru 2 O 7 , the lattice constants abruptly change at T M = 48K, where the first-order transition occurs 14, 18) due to Jahn-Teller distortions of the RuO 6 octahedra. 14) Thus, we can naturally assign our 
Conclusion
In this paper, we examined the lattice distortion effects on Sr 14/16
